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Introduction

Owing to initial injection errors, an actual interplanetary trajectory may
deviate from the desired nominal, and a correction or a sequence of corrections
must be performed in order to attain the desired terminal position. As time
goes on, tracking information improves the knowledge of the vehicle's where-
abouts resulting in a best estimate of the trajectory, but, of course, the obser-
vations employed have errors in them. When a correction sequence is performed,
the terminal miss is not fully nulled owing to actuation errors, i.e., imperfect
control performance, as well as to the inaccurate knowledge of the vehicle's true
position. Such a correction sequence cannot be described in the framework of
the usual differential equations of motion because of the random character of the
control errors and observation errors. This ""noise'" cannot be evaluated for any
particular instant of time since it is represented in terms of random variables,
but it will ordinarily have known statistical properties. So one may introduce the
covariance matrices of normally distributed variables to provide a second order
statistical measure, and in these terms the effects of the noise may be studied.
The elements of the covariance matrices of the deviations and estimation errors
then may be regarded as the new state variables of the midcourse guidance prob-
lem. The first portion of this report is concerned with deriving the differential
equations satisfied by these matrices. The approach to this development is that
employed in the papers b); Denham and Speyer (Ref. 1) and Striebel and Breakwell
(Ref. 2). Processing of observational data will be taken to be according to the
linear filtering theory of Kalman and Bucy (Ref. 3).

The midcourse guidance optimization problem may be phrased in terms
of minimizing a statistical measure of the propellant consumption for an accept-~
able terminal dispersion by choice of the coefficients of a linear feedback guidance
law. In the treatment to be presented, the coefficients of the law will be taken

from an appropriate single impulse correction policy except for a multiplicative



factor representing the magnitude of correction which will assume the role of a
scalar control variable of the optimization problem. In the remaining portion
of the report, we present an optimization method tailored to the particular form
of the midcourse guidance prdblem. The general idea of the method is the de-
termination of a control history by an iterative process which minimizes a
Hamiltonian function along the trajectory. Basically, it is a first order method,

and is a variant of a technique previously studied in Ref. 4.

The Variational Equations

The equations of motion are given by a system of simultaneous nonlinear

ordinary differential equations written in first order form as
x = f(x,u)

where the x-vector components are the state variables and the u-vector

components are some control functions.

Eq. (1) is satisfied by the reference or desired trajectory, and, in
the context of the midcourse guidance problem, this will ordinarily consist
of free-fall motion from injection to a specified terminal point. The prob-
lem of determining a suitable reference trajectory may be regarded as
separate from the midcourse correction problem and will not be discussed

here.
The variational equations for this system are

6;(=F5x+G6u+v

(1)

(@)



where F = %f; r G= %% » and v is a column vector representing the mech-

anization errors (i.e., noise or actuation errors); v is taken as uncorrelated
Gaussian noise with zero mean, which may be stated €[v(t)] =0,
elv(t) v'(t)]1 = Q(t) 6(t - T) where O(t- T) is the Dirac delta function.

In Eq. (2)
6x = Xprue ~ *Desired
We define
6x the true or total deviation from the desired.
6)2 = x - X the estimate of the deviation from the desired
D
or nominal.
Ax = Xrrue x the error in the estimate of the deviation.

The covariance matrices X, Y, and P are defined:

X = el6x 6x']
Y = el6x 6x']
P = e[Ax Ax']

The differential equations for the estimate of the deviations from

the nominal trajectory are of the assumed form

5% = FO0x + G6u + K(8Z - 67) 3)

where Z(x, €) is a column vector of measurement data

6z = Z(xTrue’ € - Z(xDesired’O)



¥4
Gz_ax6X+e—M6X+e

L)

8Z = M 6x

Note that 8Z would equal §7Z (to first order) if there were no estimation

error and no measurement error.

€ is a column vector of the measurement errors statistically de-

scribed by
ele(t)y] = 0

Ele(t) €'(t)] = R(t) 6(t-T)

The optimal (minimum variance) gain matrix, K, derived by Kalman and
Bucy is

K = pPM'R™!

It should be noted that this is optimal only in the case in which the covariance
of the actuation errors is independent of the controls and the state, which is
not the case in the midcourse situation. However, K above will be assumed

to be close enough to the actual optimum to furnish a suitable approximation.

Everything is now specified, at least statistically, except fu. We
now assume that the control deviation will be a linear feedback on the estimate

deviation quantities, i.e.,

bu = - A6x

noting that 6x cannot be used because it is never known.



The matrix A is the matrix of feedback control gains. We now write

6x

6x

Fbx - GASx + v @)

F6x - GA6x + KMAx + Ke (5)
and since Ax = 6x—6§, we have
Ax = FAx - KMAx - Ke + v (6)

The appearance of the random variables v and € now force us to statistical

analysis.

To give us a useful statistical measure, we now introduce the co-

variance matrices,

P(t) = elax(t) Ax'(t)] (7)
Y(t) = elsx(t) 6x'(t)] (8)
B(t) = el6x(t) Ax'(t)] = o if 6[5§(to) Ax'(to)] =0 (9)

This last equation states that, if the initial estimate and the error in the

estimate are uncorrelated, B will then be zero for all time. This can be

shown by developing the B equation and observing that every term in B

- has B as a factor:
B = FB + BF' - BM'R'MP - GAB (10)



The Development of the P Equation

P(t) = e[Ax(t) Ax'(t)]

p elAx Ax'] + el[Ax Ax']

E[(F Ax - KM Ax - Ke + v) Ax']

+ elax (Ax'F' - Ax'M'K' - €K' + v)]

]

(F-KM) e[Ax Ax'] + elAx Ax'](F'-M'K")

+ e[(-Ke+v) Ax'] + €[Ax (-¢'K'+v")]

In order to evaluate the last term in Eq. (11), €[Ax (-¢'K'+v")], we
must first integrate

Ax = (F-KM)Ax - Ke + v

The solution is
t
Ax(t) = ®(tt) Ax(t) + L o(t, 7) -K(7) e(T) + v(1))dT
[o)
provided that ¢ has the properties
<i>(t,to) = [F(t) - K(t) M(t)] o(t. t)

with initial value

Q(to, to) =1

To show that this solution is valid, one may differentiate it.

(11)

(12)

(13)

(14)



Ax(t) = ®(tt) Ax(t) + &t t) [-K(t) €(t) + v(t)] +

t .
[ o, 1) [-K(7) e(1) + v(1)]d7T

t
o
And making use of the relations from (12), (13) and (14) respectively
t

Ax(t) - [ &t 7)[-K(T) e(7) +v(T)]dT
t
(o]

®(t,t) Ax(t)

&»(t,r) [F(t) - K(t) M(t)]®(t, T)

®(t, t) 1

il

we find we have the same equation for Ax with which we started. So in

order to evaluate 13(t) we have

elax (-€'K' +v")]

]

6[{J‘t (1, T) -K(7) (1) + v(m)]dT}
¢

(o)
{— '(H)K'(t) +v'(t)}:]

t
[ &t 7) R(T)R(T)K'(t) + Q(T)]8(T - t) dT
t

(o]

Il

because

ele(t) €'(m)] = R(t) 8(t-7)

elv(t) vi(1)]

Qt) 8(t-7)

ele(t) vi(T)l = 0

Now the integral of the Dirac delta function from -« to +« is 1, but we
are integrating from to to t, where t is precisely the midpoint of this

(15)

(16)



particular function so the value of the integral 6r-t)dr =

DO fi

and since @(t,t) =1

elAx(-e'K' +v')] = %[K(t)R(t)K'(t) +Q(t)]
Similarly, we find that

el(-Ke+v) Ax') = %[K(t)R(t)K'(t) +Q(t)]

By substituting equations (7), (17), and (18) into Eq. (11), the expression

for P becomes
P = FP - KMP + PF' - PM'K' + KRK' + Q
and by making use of the value of K=PM'R-1, Eq. (19) reduces to

P =FP + PF' - PM'RIMP + Q

The Development of the Y Equation

Y = elsx 6x']
We will use the differential equation

5§ = (F-GA)6x + KMAx + Ke
and its solution which is

t
6x = \P(t,to)bfi(to) + [ W, T)R(T)M(T) AX(T) + K(T)€(T)]dT
t

o

(17)

(18)

(19)

(20)

(21)

(22)

(23)



where

U t) = [F(t) - GOIAD)T V(L L) (24)

W(t,t) = }I (25)

Differentiating Y, we have

| Y = elsx 6%'] + el6% 6x')

(F-GgA)elox 6x'] + e[8x 8x'1(F'- A'G') + KM E[Ax 6x']

+ £[6x Ax'IM'K' + €[Ke 6x'] + €[5x €'K'] (26)
Using Eq. (23) for 8x, we find that

elsx €'K'] = G[Ut W(t, 7) K(T)e(‘r)d‘r} e'(t)K'(t)]
t
0

t
= [ Wt 7)K(T)R(T)K'(t) (T -t)dT

tO
- FROROHK (L) (27)
Similarly
EIK(t) e(t) 8x'(t)] = —;-K(t)R(t)K'(t) (28)

Finally, remembering that Ax and 6x are uncorrelated, we have for

Eq. (26)
Y = (F-GA)Y + Y(F' - A'G") + KRK' (29)

Using K = PM'R

Y = FY + YF' - GAY - YA'G' + PM'R'MP (30)



Performance Criterion, &( tf)

It is desired to minimize, in some sense, the propellant expended.

We choose to minimize the integral of the square root of the variance of the

propellant expenditure.

t t
®(t;) = [ @dt = [ L lein Jelou' sulat

t t

o o

where c¢ is the effective exhaust velocity. Since

bu = - A6x
we have
6[6u' 6ul = tr €[6u 6u'l
= tr e[A5x 6x'A']
= tr AYA'
Hence,

d = .Jir AYA % 2/

® is not the average fuel rate because €[./8u' dul # J/2/m Jelou' dul .

It may be shown, however, that &( tf) is an upper bound for the average

fuel expenditure.

Development of the T' Matrices

In our midcourse guidance problem, the expanded form of

x = f(x,u)

10

(31)

(32)

(33)

(34)



is written

AR
| |-+ T
3 m
r
and
f of o _
6x = axox + Em(iu = F6x + Ggu
or more specifically we use
6x 0 17[6x 0
ox m

where each matrix written here is a 3x3 matrix and the vectors have three
components. From this, one can see that the &u vector consists of the

three Cartesian coordinates of the thrust vector.

We consider the idealized case in which a correction is performed in
terms of an instantaneous change in the velocity corresponding to a large
(impulsive) acceleration. The expression for the change in velocity comes
from integrating the acceleration over an interval which becomes vanishingly

short in the limit.

A
R = st —_— ——— ———
m m |T|
where
|T| = -cm
So o
R-._cm T
m 7|
d b
- a;(clog m) ﬁ[

(35)

(36)

(37)

(38)

(39)

(40)



Integrating this gives the change in velocity due to the impulsive thrust.

The gravitational terms are omitted in Eq. (38) since they become zero
in the limit. Hence

o .
R-R = -clogm" L

m |T|

Thus for an impulsive correction, the thrust components and the

velocity increment components are parallet and the magnitude of the velocity

change is
+
m
Av = -clog -
Now we have
T _ R - R
|T‘ Av

In our midcourse problem we consider the simplified case in which
A = kT

So we have the equalities

%—a‘u'—mﬁ* R7) = -AS% = - kT bx
= _Av( - )y = - X = - X

where the matrix I" is derived from a single impulse correction policy.

A single impulse correction policy may be chosen to null three position
miss components at tf, an arrival time which will be assumed to be fixed.
The scalar factor k becomes the control variable of our variational prob-
lem, part of which is the factor ;" from Eq. (45) and the other part is
some number dependent on how much of the terminal miss distance we wish

12

(41)

(42)

(43)

(44)

(45)



to eliminate during a correction. The determination of the k history is

the subject of the optimization study.

ForA the purpose of determining the I" matrix, we assume that the
change in velocity at to will completely null the estimated terminal '"miss"

R"- R - AR(t ) = - T 8x(t )

where the ""miss'" is a linear function of the six deviation components at

time to' That is, the '"current'" estimated state deviations at t0 can be

propagated ahead to t_, to estimate the terminal miss distance and velocity.

f
The first three components of §x( tf) are those to be nulled.

Making use of the state transition matrix &( tf, to) we have
6x( tf) = @(tf, to) 6x(t0)
When we partition the transition matrix into four 3x3 matrices

Lo o)
2tpt) | ¢

we can write the desired terminal miss distance, namely zero, in terms of

the existing deviations plus the correction to the velocity components as

ox(t,) 0
Sy(t)| = | 0| = [Alex(t) + [BIIox(t)) + AR(t)]
6z(tf) 0

where 6x(t0) and Gi(to) are three component vectors.

13

(46)

(47)

(48)

(49)



Solving for Al.i(to) from Eq. (49) gives us

AR(t) = - [B7 ATbx(t) - 6x(t)
. (g1a 6x(t,)
[AR(t)] = -[B A Pl ] oix(to)
(3x1) (3x3) (3x3) 6x1)

So for a control policy which permits correction in all three coordinates of

the velocity vector.

r = BMai 1 ]
(3x6) (3x 3) (3x3)

If, however, the system were restricted and could function with only
one degree of freedom, for instance, if only one component of the velocity
could be changed, the form of I" would be somewhat different. This would
correspond to the case of a rocket firing along some specified axis (e.g.,

spin axis) in inertial space.

The Cartesian coordinates of the additional velocity would be

ARl cos ao cos 60

Ail = sinax cos § Av = NAv
2 o o}

AR sin §
3 o

where o and 60 would be the right ascension and declination respectively

of the fixed axis along which the thrust is applied.

Again we write the desired terminal miss in terms of the existing

deviations plus the corrections to the velocity components as

14

(50)

(51)

(52)



of = [A]6x(t0) + [B][oiz(to)+NAv} (53)
0

from which we get
BNAV = - ASx(t) - Baic(to) (54)
(3x1) (3x1) (3x1)

Since we have, in effect, three equations with only one unknown, we
apply the method of least squares to obtain the best value of Av from all
three equations. This corresponds to minimizing the miss magnitude. Pre-
multiply both sides of Eq. (54) by the transpose of the coefficient of Av

| ] ' 1 ! . 6X(t0)
N'B'BNAv = -N'B'[A: B] 6}-(“0) (55)
So
) -1 "[A: 6X(to)
Av = -(N'B'BN) 'N'B : B] 6}-{“0) (56)
but we want
) 6x(t))
AR(t) = -T bic(to) = NAv (57
Hence
. t ! -1 1! [A . ] Gx(to)
AR(t) = -N(N'B'BN) N B : B 55{(%) (58)
So for one degree of freedom in control
I = NON'B'BN) 'N'B'[A i B] (59)

15



‘ Finally, there is also the possibility of having only two degrees of
freedom in a correction policy. An example might be a rotating disc type

of vehicle with its spin axis oriented in inertial space and the direction of

thrust or velocity change lying in the plane of the rotating disc. This would

require a pulsing type of a rocket firing radially over a small fraction of a

revolution of the disc. The two degrees of freedom in the correction policy

would then be the magnitude of the velocity vector Av and the angle B
measured from some fixed inertial axis in the disc fo the velocity vector.
If we bad Av and B given we could get the Cartesian coordinates of the

incremental velocity by

AR Av cos 8

1
. o o )
ARZ = A3(0e0 +90) A1(90 - 60) LAV sin B
i AR3 . 0

where A 3( 0) represents a rotation about the third axis through an angle 6

"cos 9 - sin 6 01
A3(6) = |sin@ cos 0 0
L0 0 1]
1 0 0 ]
Al(G) = 10 cos 6 - sin 6
| 0 sin O cos 8 |

The angles o and 60 are the right ascension and declination of

the inertial spin axis of the disc.

Evaluating Eq. (60) gives

16
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[ Av cos 3qv

Av'sin 8

. - ) 1r -
ARJ sin o cos o 01 0 0
AR2 = cos - 8in o 0{j0 sin 60 - CcO8 60
.AR34 ] 0 0 1 ] k0 cos 60 sin 60_
So
AR, -sina -cos o sin [ Av cos ﬁ]
AR2 = cos o - sin o  sin 60 Av sin B
AR3 0 cos 60
(3x1) (3x2) (2x1)
which we define
] [ Av cos 8 ]
(AR] = C | A\, oin 8

Substitute Eq. (65) into Eq. (49). This time we have three equations with

two unknowns, namely Av cos 8 and Av sin 8.

Av cos B
2]

6x(to) ]
Av sin B

- : B .
‘A sl [ 8k(t )
Applying the method of least squares to our overdetermined system gives

the same form as Eq. (56)

oo

6x( to)]
Av sin B8

It -1 tn! . [

- BlLA: B .

(c'B'BC) ¢'B'L ] b (t,)
But, again, we want Aﬁ(to)

Bx(t,) ]

17
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So

. [Avcoeﬁ] L 1oy [Gx(to)]
AR(t) = C Avsing | = -c(c'B'BC) "c'B'[A: B] 6’-‘“0) (68)

Finally for two degrees of freedom in control
T = C(C'B'BC)—IC'B' (A : B] (69)

Eqgs. (51), (59) and (89) respectively we call I‘3, I‘l, and 1"2 corresponding

to three, one, and two degrees of freedom respectively.

The Form of Q

The actuation error, v, which appears in Egs. (2), (4), 'and (6)
could be thought of as some percent error in control which is converted
toa §x variable. Thus, one possible definition would be

v = nGéu
where 7 is that percent of the control which is taken to be the error and
G 6u is control converted to a 8x variable. Making use of the equation
for 6u, namely 6u = - AbSx, we have

v =-nGAbX

So the form of Q for such an error would be

Q(t) = elv(t) v'(t)]

i

elfGASX 6x'A'G') = PG AEl6R 6x'IA'G

i

PGAYA'G'

18



The Adjoint System

The differential equations governing the covariance matrices and the

propellant estimate become the state equations for the midcourse optimization

problem:
P = FP + PF' - PZP + Q (70)
Y = FY + YF' - YA'G' - GAY + PZP (1)
. 2 '
® = [Ztr AYA (72)

m

where
z = MR1IM

and
Q = nzGAYA'G'

The Hamiltonian of the system is
H =& + tr (Lpb 4 Lyi{) (73)

where Lp and Ly are Lagrange multiplier matrices. Note that the
Hamiltonian is a scalar and has the usual properties irrespective of the

matrix format of the problem.
Returning to the 15, Y and & equations, we note that

P = P(P,Y,A,A")
Y = Y(®,Y,A,A)

d = &(Y,A,A)

where @ and the elements of P and Y are the state variables and the

elements of A and A' take on the role of control variables.

19



Linearization of the system leads to the following form for the

variational equations:

6P = (F - PZ)6P + §P(F' - ZP)

+ TIGASYA'G' + GOAYAG' + GAYSA G']

8Y = (F-GA)6Y + 6Y(F' - AG") - YOANG' - GBAY
(74)
+ PZ8P + SPZP
56 - H(AOYA + SAYA + AYOA)
Je2mtr AYA
We will now evaluate the time derivative of
tr (L 0P + L 6Y) + 6 (75)
p y
and show that the resulting expression is exactly the variation in H, 6H
due to variations only in the control A and §A, as long as we define
Lp and Ly as solutions of an adjoint system obtained by equating the
coefficients of 6P and G§Y, the state variations, to zero, as in Green's
formula.
The time derivative of (75) is
tr (L 6P+1L 6P) + tr [L 8Y + L Y] + & (76)
p p y y

Substituting for 615, 6'.Y and 6&3 from Eq. (74) and collecting coefficients
of 6P, 6Y, 6A and SA making use of the cyclic rule for trace operations,

we obtain

20



tr (L. +L (F-PZ)+(F - ZP)L +L PZ+ZPL ]6P
p p( )+ )p y y]6
+tr[L +L (F-GA) + (F' - AGL
v y( )+ (F )y

¥
+ A + nZA'G'LpGA]GY

N2mtr AYN

+ tr [LpnzGﬁAYA'G' + LpnzGAYGA'G']

[] ]
+ tr [Ly(-—Y 6AG' - GO6AY)] + tr [AYA + AYSA (77

J27 tr AYA

Setting the coefficients of 6P and §Y to zero, we obtain the following
differential equations which define the adjoint system:

L =-L(F-PZ) - (F'-ZP). - L PZ - ZPL
p p p y y
(78)
1
L =-L(F-GA) - (F -AGL_ - AA
y y J2m tr AYA
- nZA'G'L GA
p
It is to be noted that the remaining terms of (77) is the variation in H, 6H
due to variations in the controls 8A and 6A, as can be verified by the
reader by taking the variation of the expression for H given by Eq. (73).
Thus
Y% %
[ 6H dt = [tr (L 6P +L_&Y)+ 6] (79)
t P y to
(o}
An appropriate generalization of this expression to the case of strong control
variations is given by
tf ‘cf
[ @*-mat = UrL 6P+L_6Y+6¢] (80)
t P y to
o

21



as developed in Ref. 5. It then follows that the controls minimizing H are

necessary (although not sufficient) for a minimum.

Actuation Errors Independent of Correction Magnitude !

If the system employed for implementation of the guidance law con-~
tains errors whose covariances are independent of the magnitude of the
correction, as well as those described by Eq. (70) with proportional co-

variances, the matrix Q will then take the form

The second member, Qz’ will be of the form
Q, = Qu(k)

in which 6 is a constant matrix and the scalar function u(k) is the unit
step function which takes on the value unity during a correction and the

value zero otherwise.

Because Q2 does not possess a proper differential, the equations of
variation are not applicable in the case of such errors. Since Q u(k) is
independent of the state, however, the definition of the adjoint system (78)
does not require alteration. The appropriate Hamiltonian function for the
optinial guidance problem is that given by (73), it being understood that the
term Q2 is included in P. It should be noted that the function H depends
upon the control variable k nonlinearly only because of the actuation error

terms Q1 and Qz.



The Hamiltonian

The Hamiltonian function which is to be minimized at each t in the

interval t0 <t <t, by the optimal control is

f
. . 2 '
H=¢tr(@L P+L Y + =t Y
r(p y) /ﬂrAA (81)

We consider the simplified case
A = kT (82)

in which the matrix of feedback parameters A is obtained as the matrix T
corresponding to an appropriate single impulse correction policy, except for
a scalar factor k, assumed nonnegative, which becomes the control variable
of our variational problem. By substituting the values for P and Y from

Eq. (70) and (71) and A =kTI, into Eq. (81), the Hamiltonian can be ex-

pressed as
9 u(k) =1 when k>0
H = ak + bk” + cuwk) + d u(k) = 0 when k =0 (83)
where
a = /3 tr TYD - tr (L GTY+L YI'G']
m y y
b = tr [nZL GTYI'G']
P (84)
¢ = tr [L Q]
pQ
d =

tr [Lp(FP +PF' -PZP) + Ly(FY+YF' +PzP)]

and b may be anticipated as positive for minimum fuel problems.

23



In order that our payoff function be minimized, the maximum principle
states that the optimal control k(t) minimize the Hamiltonian for all t,

t =t<st, orthat
0 £

Hlk*(t)] - Hlkt)] =0 kK, k*¥=0

A Proposed Optimization Technique

In the following we present an optimization scheme tailored to the
features peculiar to the midcourse guidance problem. The sequence of com-
putations would proceed as follows. The first reference solution of the state
system I", 'i', and 4’ would be integrated forward with k(t) = 0, thus
generating the covariance matrices for the case of no guidance corrections.
The adjoint system would then be integrated backwards from the terminal
point to the initial with terminal conditions on the variables Lp and Ly
depending on a provisional choice of a parameter ), to be discussed
later. During this backward integration, the function H(k™) would be

examined at each integration point.

From Eq. (83), the form of H versus k* is that of a parabola
superposed on a function having a finite discontinuity at k™ = 0 arising

from the appearance of the step function

u(k)=1 when k>0

and u(k)=0 when k=0
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Fig. 1

We wish to find that value of H(kp) corresponding to the minimum of the
parabola, which may or may not be less than the value of d = H(0), see

Fig. 1.

Now
o a + 2bk =0 for H(k )=H (85)
ok P p p
and
a
kp = "3 (86)
or ak
Hp =5 + ¢ +d since u(k) =1 (87)
k #0

If kp > 0, the value is a candidate and we now wish to compare the value of
H(kp) attained at the minimum of the parabola, with H(0) =d, soas to
decide the global minimum of H. If kp < 0, k=0 will be the value placed

in the table since negative k is inadmissible by assumption. Then the

iteration process is, at each integration step,
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(1) Verify that b > 0, since Q_;i =2h.
‘ dk

(2) Test if kp < 0. Ifso, k=0 replaces value in the table.

3) K kp>0, compute AH=Hp—d. If AH=0, k=0 gives

minH at t, and k =0 replaces value in the table. If

AH < 0, kp gives min H at t, and kp will replace the
value in the table. A new solution of the state system is then
calculated and the new (and presumably improved) value of
the payoff function computed at the terminal point.

The coefficients a, b, ¢ and d of H(k) will, of course, change

due to new tables of k(t), generated by the above procedure. For each

new table of k(t) steps 1-3 are repeated until convergence.

Boundary and Transversality Conditions

Initial conditions for a typical problem of midcourse guidance along a

free fall space trajectory are

It
o

P(t) (88)

Y(t)

]
(=]

(89)

where P0 is the covariance matrix of injection errors determined by a priori

analysis of the injection guidance system.

If all three components of position miss at a fixed final time are to be

corrected, a measure of the magnitude of miss variance such as
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E(te) = ¥y y(t) + ¥oo(te) + yoa(te) + Py (8) +Pyo(te) + polty)
may be specified. If the function of terminal values
®(t;) + Ag E(t)
is adopted as the function to be minimized, the constant multiplier X\, >0

24(t,) ¢
Akt

has the interpretation

The appropriate transversality condition for the terminal values of

the adjoint elements is

tr (LpbP + Ly 6Y) = )\gﬁﬁ(tf)

which yields

and all other £ and £ zZero.

Selection of the Multiplier )\

Suppose we are interested in that value of )\ such that only one non-

zero control appears in the table, and k =0 for all other times. This is
equivalent to finding the value of ), \, which makes AH equal to zero
at each time. This collection of X’s then represent the threshold values
for nonzero controls at each time. The minimum value of X in this col-

lection is then the overall threshold A, AM , we are seeking.

27

(99)

(91)
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In H=ak + bk2 +cu(k) +d and from Eq. (84), which defines a, b,
c and d and.from the transversality conditions of Eqs. (93) and (94), we
notice that H is linear in ), thatis, H is of the form
H = &(k) + h(k)) (95)

where <I> and h are functions of k. For each time, for k =0

H(X)

I

HO(A) =d = NA (96)
and for k =k
|y

O + M) 97)

H(X)

Hp(k)
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From Fig. 2, M and N are the slopes for Hp and Ho respectively. For
any lo’ Hp(lo) and Ho( )\o) can be computed.

At A =0,

==

[

.
==

The slopes are .
-[&k )-H (xo)]
M = B P (98)

N = (99)

We wish to find A for which
) = H () 10
Hp(l) H (}) (100)
Substituting Eqs. (96) and (97) into condition (100) yields,

<i>+MX=N)\

and .
T _ _9%
M= N-mM
and finally .
_ d A
X o= - o (101)
® - AH(A))
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is the I at each time from which )‘M will be chosen by selection of the
smallest. This value of AM will be employed for a generation of our

first optimal control history. A family of optimal control histories, re-
quiring a greater number of control commands will then be generated by

selecting larger values for \.
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